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Abstract 

The role of torsion and a scalar field <j) in gravitation, especially, 
in the presence of a Dirac field in the background of a particular 
class of the Riemann-Cartan geometry is considered here. Recently, 
a Lagrangian density with Lagrange multipliers has been proposed 
by the author which has been obtained by picking some particular 
terms from the SO (4, 1) Pontryagin density, where the scalar field <j) 
causes the de Sitter connection to have the proper dimension of a 
gauge field. In this formalism, conserved axial vector matter current 
can be constructed, irrespective of any gauge choice, in any manifold 
having arbitrary background geometry. This current is not a Noether 
current. 

PACS: 04.20.Fy, 04.20.Cv, 11.40.-q 
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1 Introduction 

While we would like to believe that the fundamental laws of Nature are 
symmetric, a completely symmetric world would be dull, and as a matter of 
fact, the real world is not perfectly symmetric. More precisely, we want the 
Lagrangian, but not the world described by the Lagrangian, to be symmetric. 
Indeed, a central theme of modern physics is the study of how symmetries 
of the Lagrangian are broken. 

It is a remarkable result of differential geometry that certain global fea- 
tures of a manifold are determined by some local invariant densities. These 
topological invariants have an important property in common - they are to- 
tal divergences and in any local theory these invariants, when treated as 
Lagrangian densities, contribute nothing to the Euler-Lagrange equations. 
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Hence in a local theory only few parts, not the whole part, of these invari- 
ants can be kept in a Lagrangian density. Sometimes ago, in this direction, a 
gravitational Lagrangian was proposed [1], where a Lorentz invariant part of 
the de Sitter Pontryagin density, i.e. having broken de Sitter symmetry, was 
treated as the Einstein-Hilbert Lagrangian. By this way the role of torsion 
in the underlying manifold has become multiplicative rather than additive 
one and the Lagrangian looks like torsion ® curvature. In other words - 
the additive torsion is decoupled from the theory but not the multiplicative 
one. This indicates that torsion is uniformly nonzero everywhere. In the ge- 
ometrical sense, this implies that micro local space-time is such that at every 
point there is a direction vector (vortex line) attached to it. This effectively 
corresponds to the non commutative geometry having the manifold M4 x Z2, 
where the discrete space Z 2 is just not the two point space [2] but appears 
as an attached direction vector. This has direct relevance in the quantiza- 
tion of a fermion where the discrete space appears as the internal space of 
a particle [3J. Considering torsion and torsion- less connection as independent 
fields [4], it has been found that k of Einstein-Hilbert Lagrangian, appears as 
an integration constant in such a way that it has been found to be linked 
with the topological Nieh-Yan density of U4 space. If we consider axial vector 
torsion together with a scalar field (f> connected to a local scale factor [5], E], 
then the Euler-Lagrange equations not only give the constancy of the gravita- 
tional constant but they also link, in laboratory scale, the mass of the scalar 
field with the Nieh-Yan density and, in cosmic scale of FRW-cosmology, they 
predict only three kinds of the phenomenological energy density represent- 
ing mass, radiation and cosmological constant. Recently it has been shown 
that [7], using field equations of all fields except the frame field, the starting 
Lagrangian reduces to a generic f(7V) gravity Lagrangian which, for FRW 
metric, gives standard FRW cosmology. But for non-FRW metric, in partic- 
ular of Ref.[8J, with some particular choice of the functions of the scalar field 
one gets f(TZ) = f 7Z 1+Vt 3, where v tg is the constant tangential velocity of 
the stars and gas clouds in circular orbits in the outskirts of spiral galaxies. 
With this choice of functions of (p no dark matter is required to explain flat 
galactic rotation curves 

We know that, an anomaly is called a phenomenon in which the given 
symmetry and the corresponding conservation law of a classical filed-theory 
Lagrangian are violated as we pass to quantum theory. The reason for such 
violation lies in the singularity of quantum field operators at small distances, 
such that finding the physical quantities requires fixing not only the La- 
grangian but also the renormalization procedure[9]. It is also well known that 
the existence of anomalies can be attributed to the topological properties of 
the background where the quantum system is defined [TU]. In particular, for 
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a massless spin one-half field in an external gauge field G, the anomaly for 
the conservation law of the chiral current is proportional to the Pontryagin 
form for the gauge group, 

<dJ 5 >=^Tr(FAF) (1) 

Kimura [llj . Delbourgo and Salam [12], and Eguchi and Freund [13] eval- 
uated the quantum violation of the chiral current conservation in a four 
dimensional Riemannian background without torsion, finding it proportional 
to the Pontryagin density of the manifold, 

< dJ 5 >= -^R ab A R ab (2) 

This result was also supported by the computation of Alvarez-Gaume and 
Witten [H] and Bonora, Pasti &; Tonin |15j . 

The question then naturally arises as to whether the torsional invari- 
ants can produce similar physically observable effects [TB] . In a space time 
with non vanishing torsion there can occur topologically stable configura- 
tions associated with the frame bundle which are independent of the cur- 
vature. The relevant topological invariants are integrals of local scalar den- 
sities first discussed by Nieh and Yan. In four dimensions, the Nieh-Yan 
form N = (T a *T a - R ab *e a *e b ) is the only closed 4-form invariant under 
local Lorentz rotations associated with the torsion of the manifold. The chi- 
ral anomaly in a four-dimensional space time with torsion has been shown 
to contain a contribution proportional to N, besides the usual Pontryagin 
density related to the space time curvature [IT] . 

It is always possible to define an axial current three-form from a Chern- 
Simons class current for a massless spin one-half field in an external gauge 
field GpEHHS], given by 

J 6 = J 5 -^(AAF-^AiA4 (3) 

Using equation (TjQ) we see that the current J 5 is conserved but not gauge in- 
variant. In standard model, anomalies from leptonic sector cancel anomalies 
from quark sector. Questions naturally arises, whether it is possible to con- 
struct an axial current in curved space-time with torsion, irrespective of any 
particular model of internal symmetry group, which is conserved and as well 
as gauge invariant. This article has been prepared to study this possibility of 
obtaining a conserved axial current following the results obtained in Ref . [6] . 

In section-2 and section-3 we briefly describe the geometrical approach 
of the formalism of Ref. [6]. In section-4 we also give a short desfription of 
results obtained in Ref.jB]. Section-4 is devoted to new results. Last section 
is kept for discussion. 
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2 Axial Vector Torsion and Gravity 

Cartan's structural equations for a Riemann-Cartan space-time C/ 4 are given 
by [H GO] 

T a = a?e a + uj a b A e 6 (4) 
R a b = du) a b + uj a c A cu C b, (5) 

here cj a & and e a represent the spin connection and the local frame respectively. 

In C/4 there exists two invariant closed four forms. One is the well known 
Pontryagin[22l 123] density P and the other is the less known Nieh-Yan[24"] 
density N given by 

P = R ab AR ab (6) 
and N = d{e a A T a ) 

= T a A T a - R ab A e a A e b . (7) 

Here we consider a particular class of the Riemann-Cartan geometry 
where only the axial vector part of the torsion is nontrivial. Then, from 
(JTj), one naturally gets the Nieh-Yan density 

N = -R ab A e a A e b = -*Nrj , (8) 
where 7/ := ^e afecd e a A e b A e c A e d (9) 

is the invariant volume element. It follows that *iV, the Hodge dual of N, is 
a scalar density of dimension (length)^ 2 . 

We can combine the spin connection and the vierbeins multiplied by a 
scalar field together in a connection for 5*0(4, 1), in the tangent space, in the 
form 



W 



AB 



LU ab 



-6e b 



(10) 



where a,b = 1,2, ..4; A,B = 1,2, ..5 and is a variable parameter of di- 
mension (length) -1 and Weyl weight (—1), such that, <pe a has the correct 
dimension and conformal weight of the de Sitter boost part of the SO (4, 1) 
gauge connection. In some earlier works [T71 Q], H] <fi has been treated as an 
inverse length constant. In a recent paper[5] <f> has been associated, either in 
laboratory scale or in cosmic sale, with a local energy scale. In laboratory 
scale its coupling with torsion gives the mass term of the scalar field and 
in cosmic scale it exactly produces the phenomenological energy densities of 
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the FRW universe. The gravitational Lagrangian, in this approach, has been 
defined to be 

Cg = ~CNTZri + /3^N)+*(b a AVe a )(b a AVe a ) 

-f( ( f>)d(j)A*d(t)-h( ( f>)r ] , (11) 

where * is Hodge duality operator, TZr) = \R ab A i] ab , R b a = du b a + tu b c A 
u c a , u a b = u\ - T a b , T a = e afl T^ a dx u A dx a , T ab = e a ^e bv T fll/a dx a , T = 
±T^ a dx» A dx v A dx a , N = 6dT, Va = ±e abcd e b A e c A e d and Vab = *(e a A 
e b ). Here (3 is a dimensionless coupling constant, V represents covariant 
differentiation with respect to the connection one form u) ab , b a is a two form 
with one internal index and of dimension (length)^ 1 and f(4>), h((p) are 
unknown functions of <fi whose forms are to be determined subject to the 
geometric structure of the manifold. The geometrical implication of the first 
term, i.e. the torsion ® curvatur^\ term, in the Lagrangian Cg has already 
been discussed in the beginning. 

The Lagrangian Cg is only Lorentz invariant under rotation in the tangent 
space where de Sitter boosts are not permitted. As a consequence T can be 
treated independently of e a and u ab . Here we note that, though torsion 
one form T ab = u ab — uj ab is a part of the SO(3, 1) connection, it does not 
transform like a connection form under SO(3, 1) rotation in the tangent space 
and thus it imparts no constraint on the gauge degree of freedom of the 
Lagrangian. 



3 Scalar Field and Spinorial Matter 

Now we are in a position to write the total gravity Lagrangian in the presence 
of a spinorial matter field, given by 

C-tot. = Cg + Cd-, (12) 

where 

C D = 2 [^{^*7 A Dtp + Thp A *'~f4>} — ^pjs'j'tp A T 

+c^V*dT^tpv] (13) 
% := 7«e%, *7:=7%, D := d + T (14) 

-"^An important advantage of this part of the Lagrangian is that - it is a quadratic 
one with respect to the field derivatives and this could be valuable in relation to the 
quantization program of gravity like other gauge theories of QFT. 
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= -\o ah e a »e\. M dx v (15) 

here or : in tensorial notation, is Riemannian torsion free covariant 

differentiation acting on external indices only; a ab = f (7 a 7 6 — 7 b 7 a ), "0 = ^7° 
and g, are both dimensionless coupling constants. Here ip and ip have 
dimension (length)'^ and conformal weig ht -\. It can be verified that under 
SL(2, C) transformation on the spinor field and gamma matrices, given by, 

and 7 -> i = SjS~\ (16) 

where S = exp(j9 ab a ab ), T obeys the transformation property of a SL(2, C) 
gauge connection, i.e. 

r^r' = sid + ^s- 1 (17) 

s. t. D 7 := d 7 + [r, 7 ] = 0. (18) 

Hence 7 is a covariantly constant matrix valued one form w. r. t. the 
SL(2, C) covariant derivative D. By Geroch's theorem [25j we know that - 
the existence of the spinor structure is equivalent to the existence of a global 
field of orthonormal tetrads on the space and time orientable manifold. Hence 
use of T in the SL(2, C) gauge covariant derivative is enough in a Lorentz 
invariant theory where de Sitter symmetry is broken. 

In appendices A and B of Ref.[H], by varying the independent fields in 
the Lagrangian Ctot., we obtain the Euler-Lagrange equations and then after 
some simplification we get the following results of this section 

Ve a = 0, (19) 
*N=~, (20) 

K 

i.e. V is torsion free and k is an integration constant having dimension of 
(length) 2 E 



rriip = c^V*dT = -^L, (21) 

>K 



2 In (fTT|) . V represents a SO(3, 1) covariant derivative, it is only on-shell torsion-free 
through the field equation (fTT))) . The SL(2,C) covariant derivative represented by the 
operator D is torsion-free by definition, i.e. it is torsion-free both on on-shell and off- 
shell. Simultaneous and independent use of both V and D in the Lagrangian density (|f 2[) 
has been found to be advantageous in the approach of this article. This amounts to the 
emergence of the gravitational constant k to be only an on-shell constant and this justifies 
the need for the introduction of the Lagrangian multiplier b a which appears twice in the 
Lagrangian density (TTTj) such that w a f, and e a become independent fields. 
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2*7 AW - I757 AT$ + m^r] = 0, 
im? A *7 - |^757 A T + m^r) = 0, (22) 

where \I/ = 0-0 and = m^. 

= - K [U^^D a + la D b )^-(Dji 1 b + 

o 

+/d o 0^+^WU (23) 

-(D^7 fe "^7a)^} 

-f^75(7a*T 6 - T 6 *T a )^]?7, (24) 



Kd[Y(VW$ AT) - /*(# A *d0) + 2/i - -0 2 ] 

= -|^757*, (25) 
+ A *d(f) - /i'(0)r/ + 2fd*d(p 

K 

= -20[^{^*7 A Dip + T>0 A *7^} 

-|^757'0 A T + m^ipipT]] = 0. (26) 

In Ref. [B] the following comments were made, 

• Right hand side of equation ( |23l) may be interpreted [26] as (— k) times 
the energy- momentum stress tensor of the Dirac field ^(^f) together 
with the scalar field 0. Where by equation ( l20i) the gravitational con- 
stant k is ■Ar and then by equation (12T1) mass of the spinor field is 
proportional to y/*N. 

• Equation (1241) represents covariant conservation of angular momentum 
of the Dirac field in the Einstein-Cartan space as a generalization 
of the same in the Minkwoski space M A |27j. 
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• Equation ( 1261) is the field equation of the scalar field 4>. Here it appears 
that, in the on-shell, other than gravity, it has no source. Whereas 
in equation (|25|) . there is a non trivial appearance of the torsion, the 
axial- vector matter-current and the scalar field <f>; provided the coupling 
constant g is not negligible in a certain energy scale. 

In Ref.[6], the spin-torsion interaction term was neglected, although it 
might be that g played a dominant role in the early universe. In other 
words, we may say that the scalar field, which appears to be connected 
with the spinor field only in equation (I25p . is at present playing the role of 
the dark matter and/or dark radiation. The consequence of this spin-torsion 
interaction term, in the very early universe, may be linked to the cosmological 
inflation without false vacuum[28], primordial density fluctuation [291 EH] 
and/or to the repulsive gravity [HT]. 



4 (g = 0) Standard FRW Cosmology with 
Dark Matter 

From Ref.JH] we may repeat, in short, the analysis of the results obtained in 
section-3. In the background of a FRW-cosmology where the metric tensor 
is given by 

g 00 = -1, 9a = Sija 2 (t) where i,j = 1,2,3; (27) 

such that 

e = J -detig,*,) = a 3 (28) 



Taking g = 0, we get Einstein's equations of standard FRW Cosmology, 
where non- vanishing components of Einstein's tensor ( 1231) . w. r. t. external 
indices, are given by 

G°o = -K-Y = -<PBM + V + V) 

a k k 2 



Gh = + = -K-{h)5h (29) 



.2a d 2 . r , 1 
— + -)5h = fa- 
ct, a 2 

where we have assumed that, in the cosmic scale, the observed (luminous 
mass distribution is baryonic and co moving, s. t. 



M BM - , n 

Pbm = — y—, for a = b = 0, 

0, otherwise. (30) 
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Here Mbm and V are the total baryonic mass and volume of the universe 
respectively. 

From the forms of G°q and G\ it appears that the term -<p 2 represents 
pressure-less energy density i.e. (f 2 oc a~ 3 oc -. Following Ref.JB] equation 
reduces to 



G° = -3(-) 2 = -K(p B M + PDM + PDR + PVAC. 

a 

Tn a 2 



a a 2 ' 



k(pbm + Pdm + Pdr + PvAc)&h (31) 



where 



Pbm = Pdm = (32) 
Pdm = ~4> 2 (33) 

K 

37 8 1 

Pdr = y<P, Pdr = ~Pr (34) 

Pvac. = -Pvac. = -p- = A (say). (35) 

As the scalar field 0, at present scale, appears to be non-interacting with 
the spinor field vide equations f[2"2"j) . ([23]) & fT2U|) . the quantities having 
subscripts ^a/, da/, dr and y^c. ma y be assigned to the baryonic matter, 
the dark matter, the dark radiation and the vacuum energy respectively. If 
we add another Lagrangian density to (Tl3|) corresponding to the Electro- 
Magnetic field and modify D by D + A, where A is the U(l) connection one 
form, and also consider massless spinors having = 0, then on the r. h. s. 
of equations in (I3T1) . p DR and pdr would be replaced by pR and pn containing 
various radiation components, given by 

PR = PDR + P-y + Pu, 

PR = Pdr + P~,+Pu (36) 

1 . . 

s- t. p R = -p R , (37) 

where the subscripts have their usual meanings. 



5 (g + 0) => ?? 

Here we consider the case where g is not negligible in equation (|25p . From 
this equation we can define 

J A = \j>7 5 *7\[> 
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= -K*d[*(^ 5 ^ AT)- — *(# A *d<f>) + -h- -V], 

9 9 9^ 

= *d X (say) (38) 
Then incorporating quantum mechanical corrections we get the axial anomaly 

P2H21I321 

□ X = d*d X = dJ A = 2im*{^ 1 ^) + ^-[R ab A R ab + 

F_A_F +Tr( GAG )] + T = p (say) (39) 

abelian non-abelian 

where T is torsional contribution to the anomaly [TT] and F Sz G are the 
abelian & the non-abelian gauge field strengths respectively. This equation 
may be considered to be the four dimensional generalization of Poisson equa- 
tion where the density four form p acts as the source of the scalar field x- 



5.1 Isotropy and Homogeneity of Standard FRW Cos- 
mology 

In previous section we see that neglect of g leads to the standard FRW 
cosmology. Therefore if we assume, without g being negligible, that the back 
ground geometry may be extrapolated from that of standard FRW geometry 
then taking clue from equation (J25l) . we may postulate 

f*(d(f) A *d(t>) -2h+ -0 2 = constant. (40) 

K 

In this case equation (1251) reduces to 

^ 757 ^ = - K d* (^757^ A T). (41) 
Now defining an axial vector current three-form, given by 

Jf = K *($ 757 $AT)T, (42) 

and using (|2"UI) we get 

dJf = (43) 



5.2 General case 

In this case, with out assuming any particular background geometry, we may 
define another axial vector current three-form, given by 



j£ = k(^ 757 ^ a F) 



(44) 
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where F = dA is the electro-magnetic or any U(l) field strength. Then using 
equation ( 1251) we get 

dJf = (45) 

6 Discussion 

Here we see that if we introduce a scalar field 4> to cause the de Sitter con- 
nection to have the proper dimension of a gauge field and also link this scalar 
field with the dimension of a Dirac field then we find that the Euler-Lagrange 
equations of both the fields to be mutually non-interacting. But they are in- 
directly connected to each other when we consider Euler-Lagrange equations 
of other geometric fields such as torsion and tetrad. Variation of the SO(3, 1) 
spin connection as an entity independent of the tetrads we get the Newton's 
constant as inversely proportional to the topological Nieh-Yan density and 
then the mass of the spinor field has been shown to be linked to the Newton's 
constant. Then using symmetries of the Einstein's tensor we get covariant 
conservation of angular momentum of the Dirac field in the particular class 
of geometry in C/ 4 as a generalization of the same in the Minkwoski space M 4 . 
Neglecting the spin-torsion interaction term and considering FRW cosmol- 
ogy we are able to derive standard cosmology with standard energy density 
together with dark matter, dark radiation and cosmological constant. 

Here we see that variation of torsion in the action gives us the axial vector 
one-form % = tyj 5 yty to be an exact form [Eqn. ( 1251) ]. Divergence of the 
matter axial current, the dual of gives us the four dimensional general- 
ization of Poisson equation where the density four form p acts as the source 
of the scalar field x [Eqn. ( |39l) ]. If we consider FRW geometry to be in the 
background then the FRW postulate [Eqn. f PfOl) ] makes it possible to define 
an axial vector current three-form as a product of torsion and matter 
current J-j 4 is conserved and as well as gauge invariant. In manifolds 
having arbitrary background geometry the product of j§ and an U(l) field 
strength F gives us another gauge invariant conserved current j£. These 
conserved axial currents implies pseudoscalar conserved charges. Being not 
Noether charges, physical significances of these charges are being studied and 
will be reported in a forthcoming paper. 

Acknowledgment 

I wish to thank Prof. Pratul Bandyopadhyay, Indian Statistical Institute, 
Kolkata, for his valuable remarks and fruitful suggestions on this problem. 



12 Prasanta Mahato 



References 



[i 

[2: 

[3] 
[4] 
[5] 
[6] 
[7 



[9 

[10 

[11 
[12 

[13 

[14 

[15 

[16 

[17; 

[18 

[19 

[20 



P. Mahato. Mod. Phys. Lett, A17:1991, 2002. 

A. Connes. Noncommutative Geometry. Academic Press, New York, 
1994. 

P. Ghosh and P. Bandyopadhyay. Int. J. Mod. Phys., A15:3287, 2000. 
P. Mahato. Phys. Rev., D70:124024, 2004. 



P. Mahato. Int. J. Theor. Phys., 44:79, 2005 (arXiv:gr-qc/0603109). 



P. Mahato. Int. J. Mod. Phys., A 22:835, 2007 QarXiv:gr-qc70 603134). 

P. Mahato. Ann. Fond. Louis de Broglie, 32:297, 2007. 

C. G. Bohmer, L. Hollenstein and F. S. N. Lobo. Phys. Rev., D76:084005, 
2007. 

K. Fujikawa and H. Suzuki. Path Integrals and Quantum Anomalies. 
Clarendon Press, Oxford, 2004. 

T. Eguchi, P. B. Gilkey and A. J. Hanson. Phys. Rep., 66:213, 1980. 

T. Kimura. Prog. Theo. Phys., 42:1191, 1969. 

R. Delbourgo and A. Salam. Phys. Lett., 40B:381, 1972. 

T. Eguchi and P. Freund. Phys. Rev. Lett., 37:1251, 1976. 

L. Alvarez-Gaume and E. Witten. Nucl.Phys., B234:269, 1984. 

L. Bonora, P. Pasti and M. Tonin. J. Math. Phys., 27:2259, 1986. 

A. Mardones and J. Zanelli. Class. Quantum Grav., 8:1545, 1991. 

O. Chandia and J. Zanelli. Phys. Rev., D55:7580, 1997. 

S. Weinberg. The Quantum Theory of Fields, Vol. II. Cambridge Uni- 
versity Press, Cambridge, 1996. 

M. Kaku. Quantum Field Theory. Oxford University Press, Oxford, 
1993. 

E. Cartan. Ann. Ec. Norm., 40:325, 1922. 



Torsion and Axial Current 13 



[21] E. Cartan. Ann. Ec. Norm., 1:325, 1924. 

[22] S. Chern and J. Simons. Ann. Math., 99:48, 1974. 

[23] S. Chern and J. Simons. Proc. Natl. Acad. Sci. (USA), 68:791, 1971. 

[24] H. T. Nieh and M. L. Yan. J. Math. Phys., 23:373, 1982. 

[25] R. Geroch. J. Math. Phys., 9:1739, 1968. 

[26] V. Borokhov. Phys. Rev., D65: 125022, 2002. 

[27] C. Itzykson and J. Zuber. Quantum Field Theory. McGraw Hill Book 
Company, Singapore, 1985. 

[28] M. Gasperini. Phys. Rev. Lett, 56:2873, 1986. 

[29] L. C. Garcia de Andrade. Phys. Lett., B468:28, 1999. 

[30] D. Palle. Nuovo dm., B114:853, 1999. 

[31] M. Gasperini. Gen. Rel. Grav., 30:1703, 1998. 

[32] B. L. Ioffe. Axial anomaly in quantum electro- and chromody- 
namics and the structure of the vacuum in quantum chromo- 
dynamics. Report at the Session of the Physical Division of Russian 
Academy of Sciences, devoted to 100 years L.D. Landau birthday, 22-23 
January 2008.. la?Xr7:0809.02121 yl[hep-ph]. 2008. 



